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THE RICCI-BOURGUIGNON FLOW 


GIOVANNI GATING, LAURA CREMASCHI, ZINDINE DJADLI, CARLO MANTEGAZZA, 

AND LORENZO MAZZIERI 

Abstract. In this paper we present some results on a family of geometric flows intro¬ 
duced by J. P Bourguignon in [4] that generalize the Ricci flow. Eor suitable values of 
the scalar parameter involved in these flows, we prove short time existence and provide 
curvature estimates. We also state some results on the associated solitons. 
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1. Introduction 

In fhis paper we consider an n-dimensional, compact, smooth, Riemannian manifold 
M (withouf boundary) whose mefric g = g{t) is evolving according fo the flow equation 

d 

—g = —2 Ric + 2pRg = —2(Ric — pKg) (1.1) 

where Ric is the Ricci tensor of the manifold, R ifs scalar curvature and p is a real con¬ 
stant. This family of geometric flows contains, as a special case, the Ricci flow, setting 
p = 0. Moreover, by a suitable rescaling in time, when p is nonpositive, they can be 
seen as an interpolation between the Ricci flow and fhe Yamabe flow (see [5, 26, 29], for 
instance), obtained as a limit when p ^ —oo. 

It should be noticed that for special values of the constant p the tensor Ric — pRp 
appearing on the right hand side of the evolution equation is of special inferest, in par¬ 
ticular, 

• p = 1/2, the Einstein tensor Ric — ^g, 

• p = 1/n, the traceless Ricci tensor Ric — ^p, 

• p = 1/2(?7, — 1), the Schouten tensor Ric — 2{n-i) 9' 
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• p = 0, the Ricci tensor Ric. 

In dimension two, the first three tensors are zero hence the flow is static, and in higher 
dimension the values of p are strictly ordered as above, in descending order. 

Apart these special values of p, for which we will call the associated flows as the name 
of the corresponding tensor, in general we will refer to the evolution equation defined 
by the PDE system (1.1) as the Ricci-Bourguignon flow (or shortly RB flow). 

The study of these flows was proposed by Jean-Pierre Bourguignon in [4, Ques¬ 
tion 3.24], building on some unpublished work of Lichnerowicz in the sixties and a pa¬ 
per of Aubin [1]. In 2003, Fischer [16] studied a conformal version of this problem where 
the scalar curvature is constrained along the flow. In 2011, Lu, Qing and Zheng [23] also 
proved some results on the conformal Ricci-Bourguignon flow. Some results concern¬ 
ing solitons of the Ricci-Bourguignon flow (called gradient p-Einstein solitons) can be 
found in [8, 9]. 

We will see in the next section that when p is larger than 1/2(n — 1) the principal 
symbol of the operator in the right hand side of the second order quasilinear parabolic 
PDE (1.1) has negative eigenvalues, not allowing even a short time existence result for 
the flow for general initial data (manifold M and initial metric Qq). On the contrary, 
the main task of Section 2 will be to show that for any p < l/2(n — 1), every initial 
compact Riemaimian manifold {M,go) has a unique smooth solution g{t) solving the 
flow equation (1.1), with g{0) = go, at least in a positive time interval. 

However, the problem of knowing whether the "critical" Schouten flow 


d R 

—g = -2 Ric +--( 

at n — 1 

9{0) = 9o 


( 1 . 2 ) 


when p = 1/2(n — 1), admits or not a short time solution for general initial manifolds 
and metrics remains open, when n > 3. 

We will see that ifp < 1/2(n — 1), the principal symbol of the elliptic operator is 
noimegative definite and it actually contains some zero eigenvalues due to the diffeo- 
morphism invariance of the geometric flow. When p < l/2(n—1), these zero eigenvalues 
are the only ones, all the others are actually positive, hence, they can be dealt (as it is 
customary by now) by means of the so-called DeTurck's trick [13,14]. In the case of the 
Schouten flow p = l/2(n — 1) instead, the principal symbol contains an extra zero eigen¬ 
value besides the ones due to the diffeomorphism invariance, preventing this argument 
to be sufficient to conclude and to give a general short time existence result. 

We mention that the presence of this extra zero eigenvalue should be expected, as the 
Cotton tensor, which is obtained from the Schouten tensor as follows 


^ijk ^ ^ tR?!/:: ■jR^fc 


k^ij — y ji^ik — VfcJVjj — y jixik 


2(ri — 1 ) '^j^9ik) 5 

satisfies the following invariance under the conformal change of metric g = e^'^g, 


= Cijk + {n- 2)WijkN^u 
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see [7, Equation 3.35]. Recently, Delay [12], following the work of Fischer and Marsden, 
gave some evidence on the fact that the DeTurck's trick should fail for the Schouten 
tensor. 

In Section 3, we will compute the evolution equations for the curvature. 

In Section 4, by means of the maximum principle, we derive, from the evolution of 
the curvature, some conditions on the curvature which are preserved by the RB flow. In 
particular, we show that the Hamilton-Ivey estimate in dimension three holds true. 

In Section 5, we establish some a -priori estimates on the Riemarm tensor and prove 
that, if a compact solution of the flow exists up to a finite maximal time T, then the 
Riemarm tensor is unbounded when approaching to T. 

Finally, in the last section we discuss the structure and the classification of the solitons 
of the RB flow. 
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1.1. Notation and preliminaries. 

The Riemarm curvature operator of an n-dimensional Riemarmian manifold {M,g) is 
defined as in [17] by 


Riem(A, Y)Z = - V^VyZ + V 


[v,yp 


and we will denote with dpg the canonical volume measure associated to the metric g. 
In a local coordinate system the components of the (3,1)-Riemarm curvature tensor are 
given by = Riem(^, £j) and we denote by Rijki = gimR'^k its (4,0)-version. 

With this choice, for the sphere §" we have Riem(L>, w, v, w) = Rijkiv^w^v’^w'- > 0. 

The Ricci tensor is obtained as the contraction Rj^ = g^^Rijki and R = g'^^Rik will 
denote the scalar curvature. 

The so-called Weyl tensor is then defined by the decomposition formula (see [17, 
Chapter 3, Section K]) of the Riemann tensor in dimension n > 3, 


ijkl Rij fcZ T 


R 


(n — l)(n — 2) 


{dikQjl 9 il 9 jkj' 


n — 2 


{Rik 9 jl Ril 9 jk~bRjl 9 ik Rjk 9 il^ • 


The tensor W satisfies all the symmetries of the curvature tensor and all its traces with 
the metric are zero, as it can be easily seen from the above formula. 

In dimension three, W is identically zero for every Riemarmian manifold (M, g), and it 
becomes relevant instead when n > 4 since it vanishes if and only if (M, g) is locally 
conformally flat. This latter condition means that around every point p E M there is 


a conformal deformation 'gij = gij of the original metric g, such that the new metric 
is flat, namely, the Riemann tensor associated to g is zero in Up (here / : t/p —?■ M is a 
smooth function defined in a open neighborhood Up of p). 
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2. Short time existence 

Theorem 2.1. Let p < l/2(n — 1). Then, the evolution equation (1.1) has a unique solution 
for a positive time interval on any smooth, n-dimensional, compact Riemannian manifold M 
(without boundary) for any initial metric go. 

Proof. We first compute the linearized operator of the operator L = —2(Ric — pRg) 
at a metric go. The Ricci tensor and the scalar curvature have the following lineariza¬ 
tions, see [2, Theorem 1.174] or [27], where we use the metric go to lower and raise 
indices and to take traces, 

DRiCgQ(h)ik = — ^ — A/ijfc — ViVfc tr(/i)-|--|-LOT, 

DRgg{h) = -A(tr/i) + + LOT, 

here LOT stands for lower order terms. 

Then, the linearization of L at go is given by 

T)Lgg(h)ik 2^ZlRic^Q(/i)jfc pT)RgQ(h)(go)ik^ -|-2pR(^j,/ijfc 

= Ahik + VjVfc tr(/i) - ViV^htk - VkV^hu - 2p(A(tr h) - {go)ik + LOT, 

for every bilinear form h E T(S'^M). Now, we obtain the principal symbol of the lin¬ 
earized operator in the direction of an arbitrary cotangent vector ^ by replacing each 
covariant derivative Vq,, appearing in the higher order terms, with the corresponding 
component ^a, 

rr^(T)Lgf^)(h)ik ^ ^thik ^i^ktTLgQ(h) hkt ^k^ hn 

-2pLfL,tRgo(h)(go)ik + ‘2pLfi''hts(go)ik ■ 

As usual, since the symbol is homogeneous we can assume that = 1 and we per¬ 
form all the computations in an orthonormal basis {ej}j=i„ of TpM such that ^ = 
goiei, ■), that is = 0 for i f 1. 

Hence, we obtain, 

(j^(DLgg)(h)ik hik di\5k\ diihki dkihn 2ptTgf^(h)dik 2phw5ik. 

that can be represented, in the coordinates system 

(^11) ^22, • • • 5 hnn-, hl2, • • • , ^23) ^24; ■ ■ ■ , ^n-l,n) 

for any h E T(S'^M), by the following matrix 
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(^dDLg,) = 


/ 0 l-2p ... l-2p 


\ 

: A[n — 1] 

0 

0 

0 



0 

0 

0 

0 

0 

1 

T —1 

1 

1—1 

V 


/ 


where A[n — 1] is the (n — 1) x (n — 1) matrix given by 

A[n — 1] = 


/ 1 - 2p -2p 
—2p 1 — 2p 


-2p \ 

-2p 


V 


-2p —2p ... 1 — 2p / 

We can see that there are at least n null eigenvalues, as it should be expected by the 
diffeomorphisms invariance of the operator L, and (n — l)(n — 2)/2 eigenvalues equal 
to 1. The remaining n — 1 eigenvalues can be computed by the following lemma which 
is easily proved by induction on the dimension of A. 

Lemma 2.2. Let A[7n] be the m x m matrix 

/ I-2p -2p .. 

—2p 1 — 2p .. 


A[m] = 


-2p \ 

-2p 


V 


( 2 . 1 ) 


Then, there holds 


-2p —2p ... 1 — 2p / 

det(74[m] — Aldm) = (1 — — 2mp — A) 


Using this lemma, we conclude that the eigenvalues of the principal symbol of DLg^ 
are 0 with multiplicity n, 1 with multiplicity 1 — 2(?7, — l)p with multiplicity 

1 . 

Now we apply the so-called DeTurck's trick [13,14] to show that the RB flow is equiv¬ 
alent to a Cauchy problem for a strictly parabolic operator, modulo the action of the 
diffeomorphism group of M. Let V : r(S'^M) —)■ r(TM) be "DeTurck's" vector field 
defined by 

Vdh) = -^oV'^Vp(^^trg(po)yqfc - (yo)qfc) = -^^oV'^(Vfc(po)pq - Vp(go)gk - Vg(go)pk) , 

( 2 . 2 ) 

where go is a fixed Riemannian metric on M and g^^ are the components of the inverse 
matrix of go- 
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The DeTurck's trick (see [13, 14] for details) states that in order to show the smooth 
existence part of the theorem, we only need to check that the operator D{L — ^v)go is 
strongly elliptic, where is the Lie derivative operator in the direction of V. 

The principal symbol of this latter operator, with the same notations used above, is well 
known and is given by 


Then, we can easily see that the linearized DeTurck-Ricci-Bourguignon operator has 
principal symbol in the direction with respect to an orthonormal basis 62,..., e,,}, 
given by 



expressed in the coordinates system 

(/ill, h22, ■ ■ ■ , hnn, hi2, /il3; • • • ; /^-In, h23, /^-24, • • • , hn-l,n) 

for any h e T{S‘^M). 

Using Lemma 2.2 again, this matrix has — 1 eigenvalues equals to 1 and 1 eigen¬ 

value equal to 1 — 2(n — l)p. Therefore, by the DeTurck's trick, a sufficient condition for 
the existence of a solution is that p < ■ 

The uniqueness part of the theorem is proven in the same way as for the Ricci flow 
(see [20]). The RB flow is equivalent, via the one parameter group of diffeomorphisms 
generated by DeTurck's vector field, to the DeTurck-RB flow which is strictly parabolic. 
On the other hand, the one parameter group of diffeomorphisms satisfies the harmonic 
map flow introduced by Bells and Sampson in [15], which is also parabolic. These two 
facts allow to state the uniqueness of the solution for the RB flow (see [11, Chapter 3, 
Section 4] for more details). □ 

3. Evolution of the curvature 

3.1. The evolution of curvature. As the metric tensor evolves as 
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it is easy to see, differentiating the identity = 6\, that 

= 2(Ric^' - pRg^^). 

It follows that the canonical volume measure fi satisfies 


(3.1) 


^ ^ = {np - l)R/i. 

Computing in a normal coordinates system, the evolution equation for the Christoffel 
symbols is given by 


Ip. =VI— 

dt 2^ 1 dxi V dt 


d \ d 

gki + 


dxk \dt 


d 


2dt^ dxk^^^ 


l9ji 

A. 

dxi 


d fd 


dxi \dt 


:9jk 


Al 


9jk 


I d 

V/ ( -g^k 


— ~ 9^ {Vj(Rfci — pRfi'fcz) + Vfc(Rjz — pRpjz) — Vi(Rjfc — pRgjk)} 

= - V,IVk - VfcR} - V*R,fc + p{V,R^l + VfcR^i + V^Rz?,^). 

Proposition 3.1. Along the RBfloiu on a n-dimensional Riemannian manifold (M, g), the cur¬ 
vature tensor, the Ricci tensor and the scalar curvature satisfy the following evolution equations 

d 

'O^^ijkl “I” ^{^ijkl ^ijlk ^iljk H“ ^ikjl) (3*2) 

9^^ i^^pjkl^gi ^ipkl^qj H“ ^ijpl^qk H“ ^ijkpR^ql) 

- p{'ViVkRgji - WiWiRgjk - WjWkRgu + "^AiRgik) 

2pR, ^ijkl •) 

where the tensor B is defined as 'Qijki = g^^g^^^ipjr^kqis- 

—Rjfc = ARjfc + 2g^‘^ g'^^RpirkRqs — 2y^^RpjRgfc (3.3) 

-{n - 2)pViVfcR - pARgik , 


d 


—R = (l-2(n-l)p)AR + 2|RicP-2pRC 

ot ^ ' 


(3.4) 


Proof The following computation is analogous to the one for the Ricci flow performed 
by Hamilton [18]. 

By the first variation formula for the (4, 0)-Riemaim tensor (see [2, Theorem 1.174] 
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or [27]), we have in general 

2Riem(Jf, y, W,Z) = i(fc(Riem(X, Y)W, Z) - fc(Riem(Jf, Y)Z, W)) 

- 5( - ^y.wHX, Z) - W) + Vl^„h(,Y, Z) + VlJiiX, W )), 

where X, Y^W^Z G T{TM) are vector fields and h = ^g. 

Along the RB flow h = —2(Ric — pRg), therefore 

^RiemfX, y, W, Z) = -Ric(Riem(A, Y)W, Z) + Ric(Riem(X, Y)Z, W) 
at 

- V|.,H.Ric(X, Z) - V|,^Ric(y, PR) + V^,^Ric(y, Z) + V^,^Ric(X, IR) 
-p{- Xl^^Rg{X, Z) - V|,^R^(y, IR) + Xl^^Rg{Y, Z) + V^,^R(?(A, IR)) 

+ 2pRRiem(A, R, IR, Z). 

Using the second Bianchi identity and the commutation formula for second covariant 
derivatives, we obtain the following equation for the Laplacian of the Riemarm tensor, 

ARiem(A, y, IR, Z) = -Vl^w^ic{X, Z) - Vx,z^ic(Y,W) 

+V|,^Ric(y, Z) + V^,^Ric(A, IR) 

-Ric(Riem(lR, Z)y, X) + Ric(Riem(lR, Z)X, Y) 
-2(B(A, y, IR, Z) - B(X, y, Z, IR) 

+B(A, PR, y, Z) - B(A, Z, y, PR)) . 

Plugging it in the evolution equation, we obtain 

d 

—Riem(A, Y, PR, Z) = ARiem(A, Y, PR, Z) - p(V^R ® g) (X, Y, PR, Z) 

+2(B(X, y, PR, Z) - B(X, y, Z, PR) 

+B(x, PR, y, z) - B(x, z, y, py)) 

-Ric(Riem(X, y)PR, Z) + Ric(Riem(X, y)Z, PR) 
-Ric(Riem(PR, Z)X, Y) + Ric(Riem(PR, Z)y, X) 
+2pRRiem(X, Y, PR, Z), 

which is formula (3.2) once written in coordinates. Here the symbol ® denotes the 
Kulkarni-Nomizu product of two symmetric bilinear forms p and q, defined by 

(p ® q) (X, y, Z, T) = p(X, Z)g(y, T) + p{Y, T)q{X, Z) - p(X, T)q{Y, Z) - p{Y, Z)q{X, T ), 

for every tangent vectors fields X, Y,Z,Te r(TM). 

Taking into account the evolution equation for the inverse of the metric (3.1), con¬ 
tracting equation (3.2) and using again the second Bianchi identity, formula (3.3) fol¬ 
lows (see [18] for details). Contracting again one gets the evolution equation (3.4) for 
the scalar curvature. □ 
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3.2. The Uhlenbeck's trick and the evolution of the curvature operator. 

In this subsection we want to study the evolution equation of the curvature operator, as 
it was done for the Ricci flow by Hamilton in [19]. 

First of all, we simplify the expression of the reaction term in equation (3.2) by means 
of the so called Uhlenbeck's trick [19]. Briefly, we will relate the curvature tensor of the 
evolving metric to an evolving tensor of an abstract bundle with the same symmetries 
of the curvature (see Proposition 3.4) and a nicer evolution equation; afterwards we will 
find a suitable orthonormal moving frame of (TM, g{t)) and write the evolution equa¬ 
tion of the coordinates of the Riemarm tensor with respect to this frame. The result will 
be a system of scalar evolution equations and no more a tensorial equation, (see [11] for 
more details on this method in the case of Ricci flow). 

Let (M, be the solution of the RB flow with initial data go and consider 

on the tangent bundle TM the family of endomorphisms defined by the 

following evolution equation 

r |<^(i) = Ric#,) o ip{t) - pRgit)T{t ), 

I ‘F(O) = Mtm , 

where is the endomorphism of the tangent bundle canonically associated to the 

Ricci tensor by raising an index. 

For every point p of the manifold M, the evolution equation (3.5) represents a system 
of linear ODEs on the fiber TpM, therefore a unique solution exists as long as the RB 
flow exists. Moreover, if we let (/i(t))tg[o,r) be the family of bundle metrics defined by 
h{t) = p{ty{g{t)), where (^(i) satisfies system (3.5), then h{t) = go for every t G [0,T). 
As 

Vt e [0,T), pit) : iTM,go) ^ (TM,r?(t)) 

is a bundle isometry, the pull-back via pit) of the Levi-Civita connection associated to 
git) is a connection on TM compatible with the metric go- In the following, we will 
denote by (U, h) the vector bundle (TM, go) in order to stress out the fact that we are 
not considering the Levi-Civita coimection associated to go, but the family of time- 
dependent coimections T)(t) defined via the bundle isometries pit). 

The following lemma states some basic properties of these pull-back coimections. 

Lemma 3.2. (see [11, Chapter 6, Section 2] Let Dit) : r(TM) x r(U) —)■ r(U) he the pull- 
hack connection defined hy 

D(tu = ^(tr(vf(t^(txo)), 

Vi e [0, T) , VX e r(TM), VC G r(U), where is the Levi-Civita connection o/gf). 

Let again Df) he the canonical extension to the tensor powers ofV and The a covariant tensor 
on M. Then, for every i G [0, T) and X G r(TM) there holds 

D{()x(v{t)XT)) = ■ 
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In particular, D{t)xh = ip* g{t)) = 0, so every connection of the family D{t) is compatible 
with the bundle metric h on V. 

Let : r(TM) X V{TM) x r(l^) —)■ r(y) be the second covariant derivative defined by 

DlAO = DxiDvC) - yx,YE r(TM) ,vc G r(y), 

and the rough Laplacian defined by Ad = trg(-D^). Then, for every covariant tensor T on M, 
there hold 

DlyiipfiT)) = VX,Fer(TM), (3.6) 

AD{y{T)) = ip\AgT). (3.7) 

Remark 3.3. Let 3^ G End{A‘^M) be the Riemann curvature operator defined by 

{31{X AY), W A Z) = Riem(X, Y, W, Z), (3.8) 

where (, ) is the linear extension of g to the exterior powers of T M. 

In the following, we use a convention on the Lie algebra structure of A^M which is 
different from the original one chosen by Hamilton in [19]. More precisely, with his 
convention the eigenvalues of the curvature operator are twice the sectional curvatures, 
whereas with our convention the curvature operator has the sectional curvatures as 
eigenvalues. In particular, every formula differs from the corresponding one in the 
usual theory of the Ricci flow by a factor 2 (see also [11, Chapter 6, Section 3] for the 
details). We recall that IR can be considered as an element of r(S'^(A^M)), and the fol¬ 
lowing equations hold true 

i<k 

(IR )ijkl I^ijkl I^ijlk j 

where B is defined as in Proposition 3.1. For more details on the structure of the curva¬ 
ture operator we refer again the reader to [11, Chapter 6, Section 3]. 

We now consider the pull-back of the Riemaim curvature tensor and the curvature 
operator. 

Proposition 3.4. Let Piem he the pull-back of the Riemann curvature tensor via the family of 
bundle isometries {<yi^(i)}iG[o,T)- The following statements hold true: 

(1) Piem has the same symmetry properties as Riem, i.e. it can be seen as an element of 
r(S'^(A^l/)) and it satisfies the first Bianchi identity; 

(2) Tor every p G M and t G [0,T) fRc algebraic curvature operator CP(p,f) G End{X^Vp) 
(see Remark 3.7), defined by p o T = tko p has the same eigenvalues as lR(p, t). In par¬ 
ticular, CP is positive (nonnegative) definite if and only if CR is positive (nonnegative) 
definite; 

(3) Pic(f) = tr,, (Piem(t)) = (p(t)*(RiCgg)); 

(4) P = tr/,(Pic(f)) = Rg(t); 
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(5) B(Piem) = (^*(B(Riem)), where B is defined in the same way as in Proposition 3.1 for 
a generic element of S‘^{h?V*). 


Finally, we can compute the evolution of Piem and 7. 


Proposition 3.5. The tensors Piem and 7 satisfy respectively the following evolution equations 


dt 


(Piem^ 


abed — 


dt 


AD(Piem)abcrf - p(<^*(V^R) ® h)abcd (3.9) 

+2(B(Piem)a6cd - B(Pieni)aMc + B(Piem)ac6d - B(Piem)arfbc) 

-2pP Piemafecd, 

AD7-2py>*{\/^tTh{7))®h + 27^ + 27* -AptihiTp, (3.10) 


where tTh{7(t)) = tTgpf7.{t)) = lR(t). 


Remark 3.6. On the right hand side of equation (3.9) the term (^*( V^R) there appears (i.e. 
the pull-back of the Flessian of the scalar curvature, seen as a symmetric 2-form on the 
tangent bundle) and it caimot be expressed in terms of the coimection D{t). 
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Proof. Let Ci, • • •, Ci be sections of V ; then combining the evolution equations of the Rie- 
mann tensor (3.2) and of the bundle isometry (3.5), we obtain 

^(Piem)(Ci,C2,C3,C4) = 

P* (^Riem) (Cl, C 2 , Cs, Cl) + Riem(^^(Ci), <^(C2), <^(C3), </?(C4)) 

+Riem(^(/?(Ci), ^((2), </^(C3), (^(Ci)) + Riem(^(^(Ci), ^{(2), ^(C3), (^(Ci)) 
+Riem(^<^(Ci), <^(C2), piCs), 

= (^*(AgRiem)(Ci, C 2 , Cs, Ci) - PpfV^R ® y)(Ci, C 2 , Cs, Ci) 

+2(^*(B(Riem)(Ci, C 2 , Cs, Ci) - B(Riem)(Ci, C 2 , Ci, Cs) - B(Riem)(Ci, Ci, C 2 , Cs) 

+ B(Riem)(Ci, Cs, C 2 , Ci)) + 2pR(^*(Riem)(Ci, C 2 , Cs, Ci) 

-Riem(^Ric# o (^(Ci), ^{( 2 ), piCs), p((4)^ - Riem(^9?(Ci), Ric# o (^(( 2 ), (fiCs), piC^)) 

-Riem(^(^(Ci), <^(C 2 ), Ric^ o (/^(Cs), </?(C4)) - Riem(^9?(Ci), </ 2 (C 2 ), ^^(Cs), RR^ o </?(C4)) 

+Riem(^(Ric# o ip - pRp){Ci),p{C2),p{C3),p{C4)^ 

+Riem(^(/?(Ci), (Ric# op,- pRp) (C 2 ), piCs), p{C4)^ 

+Riem(^(/?(Ci), p{C2), (RR^ op- pRp) (C3), (/^(Ci)) 

+Riem(^(/?(Ci),(^(C2),</^(C3), (RR^ o - pR</^) (Ci)) 

= A£)(Piem)(Ci, C 2 , Cs, Ci) — p(<P*(V^R) ® /i)(Ci, C 2 , Cs, Ci) 

+29?*(B(Piem)(Ci, C 2 , Cs, Ci) - B(Piem)(Ci, C 2 , Ci, Cs) - B(Piem)(Ci, Ci, C 2 , Cs) 

+ B(Piem)(Ci,C3,C2,C4)) - 2pPPiem(Ci, C 2 , Cs, Ci), 

where we used several identities stated above. For Ci, • • •, Ci belonging to a local frame 
we get the desired equation (3.9). 

Combining the evolution equation for Piem with the formulas stated in Remark 3.3, we 
find the evolution equation of 7. □ 

Remark 3.7. It must be noticed that, even though for every p ^ M and t E [0,T), the 
tensor 7{p,t) belongs to the set of algebraic curvature operators QbiVp), in general it 
does not coincide with the curvature operator of the pull-back connection D{t). In 
the present literature the pull-back tensor is always denoted by Riem and this abuse 
of notation is somehow misleading, suggesting the wrong impression that Piem(t) = 
V9(t)*(Riemg(t)) is equal to Riem^(t)»(g(t)) = Riem/,, but this is not longer true for general 
isomorphisms of the tangent bundle (however it is true for (/9 e DtffiM)). 
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By the Uhlenbeck's trick the evolution equation (3.10) for 7 allows a simpler use of the 
maximum principle for tensor as the reaction term is nicer and the metric on S'^(A^1/) is 
independent of time. Moreover, the subsets of S‘^{A^V) preserved by such PDE corre¬ 
spond to curvature conditions preserved under the RB flow. 

4. Preserved curvature conditions 

In this section we will use the maximum principle in various formulations in order to 
find curvature conditions which are preserved by the RB flow. 

4.1. The scalar curvature. 

We begin by considering the evolution equation for the scalar curvature (3.4), which 
behaves as under the Ricci flow. 

Proposition 4.1. Let {M, g{t))t^[o^T) be a compact maximal solution of the RB flow (1.1). If 
P ^ 2(^)' the minimum of the scalar curvature is nondecreasing along the flow. In particular 
ifRg{o) > a, for some a e M, then Rg(t) > a for every t e [0,T). Moreover if a > 0 then 
T < —-— 

— 2{l—np)a 

Proof As p < 2 rfzj) < y/ for any n > 1, it follows that 


d 


—R = (1 - 2{n - l)p) AR + 2|Ric|^ - 2pR^ 

> (1 - 2{n - l)p) AR + 2RVn - 2pR^ 

> (l -2(n- l)p)AR, 

hence, by the maximum principle, the minimum of the scalar curvature is nondecreas¬ 
ing along the RB flow on a compact manifold. In particular, for every a G M, the condi¬ 
tion R > a is preserved. 

Finally, integrating the inequality 

d /I 

Trr ^min ^ 2 I 
at \n 

that holds almost everywhere for t G [0,T) (by the Hamilton's trick (see [21], [24, 
Lemma 2.1.3])), we obtain 


p R„ 


Rmin(l') ^ 


na 


n — 2(1 — np)at ’ 

that, for a > 0, gives the estimate on the maximal time of existence. 

Remark 4.2. In the special case of the Schouten flow (when p = 2 {n-i) )’ actually there 


(4.1) 

□ 


holds 


—R > r2 

dt - n{n-l) ’ 


at every point of the manifold, which implies that the scalar curvature is pointwise 
nondecreasing and diverges in finite time. 
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Remark 4.3. By means of the strong maximum principle, it follows that if the initial 
manifold has noimegative scalar curvature then either the manifold is Einstein (Ric = 0) 
or the scalar curvature becomes positive for every positive time under any RB flow with 

Proposition 4.4. Let (M, g{t))t(z{-oo,o] be a compact, n-dimensional, ancient solution of the RB 
flow (1.1). If p < 2 {n-i) Iben, either R > 0 or Ric = 0 on M x {—oo, 0]. 

Proof. As g{t) is an ancient solution, for every to < A < 0, we can define g{s) = g{s + to), 
which is a solution of the RB flow tor s G [0, ti — to]- Then, we have Rmm(O) = Rmm(to)/ 
hence, from formula (4.1) 

Rm,in(s) ^ ^ ' ; ; ; ; , 

^Rmm(O) -2{l-np)s 

for every s G (0, ti — to]. In particular, we have 

Ti 

Rmm(tl) = Rmm(tl — to) > -p,-! /, x ITT TT ‘ 

nRminito) - 2(1 - np)(ti - to) 

If Rmm(to) > 0, by Proposition 4.1, it follows that Rmin(ti) > 0, so we can assume that 
Rmm(to) < 0, hence 

" nR-]Jto)-2(l-np)(ti-to) ^ “2(1 - np)(ti - to) ’ 

for every ti < to, and sending to to — cxo, we still conclude that Rmm(ti) > 0. Since this 
holds for every ti < 0 the previous remark implies the result. □ 

4.2. Maximum principle for uniformly elliptic operators. 

Let M be a smooth compact manifold, g{t), t G [0, T), a family of Riemarmian metrics 
on M and {E, h{t)) t G [0, T), be a real vector bundle on M, endowed with a (possibly 
time-dependent) bundle metric. Let D{t) ; r(TM) x r(i?) P{E) be a family of linear 
coimections on E compatible at each time with the bundle metric h{t). We have already 
seen in Section 3.2 how to define the second covariant derivative, using also the Levi- 
Civita coimections 'Vg^t) associated to the Riemarmian metrics on M. 

Definition 4.5. We consider a second-order linear operator L on r(i?) that lacks of its 
0-th order term, hence it can be written in a local frame field {ei}i=i^,,,^n of TM 

(4.2) 

where a = a'^^Ci (g) Cj G r(S'^(TM)) is a symmetric (0, 2)-tensor and b = Eci is a smooth 
vector field. We say that L is uniformly elliptic if a is uniformly positive definite. 

Remark 4.6. In the previous definition, both the coefficients and the connections are in 
general time-dependent and we say that L is uniformly elliptic if it is so for every t G 
[0, T) uniformly in time. 
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Weinberger in [28] proved the maximum principle for systems of solutions of a time- 
dependent heat equation in the Euclidean space; Hamilton in [19] treated the general 
case of a vector bundle over an evolving Riemannian manifold. Here we present a 
slight generalization of Hamilton's theorem for parabolic equations with uniformly el¬ 
liptic operator (see [25, Theorem 2.2] for the "static" version proved by Savas-Halilaj 
and Smoczyk). 

As before, (M, g{t)) is a smooth compact manifold equipped with a family of Riemann¬ 
ian metrics; we consider a real vector bundle E over M, equipped with a fixed bundle 
metric h and a family of time-dependent connections D{t) compatible at every time 
with h. 

Definition 4.7. Let S' C i? be a sub-bundle and denote Sp = S n Ep for every p E M. We 
say that S is invariant under parallel translation w.r.t. D, if for every curve 7 ; [0, /] —)■ M 
and vector v G S'.^(o)/ the unique parallel (w.r.t. D) section v{s) G E^(^s) along 7(5) with 
r’(O) = V is contained in S'. 

Theorem 4.8 (Vectorial Maximum Principle). Let u : [0, T) -E T{E) be a smooth solution of 
the following parabolic equation 

^u = Lu + E{u,t), (4.3) 

where L is a uniformly elliptic operator as defined in (4.2) and E : E x [0,T) ^ E is a 
continuous map, locally Lipschitz in the E factor, which is also fiber-preserving, i.e. E{v,t) G 
Epfor every p E M,v E Ep, t G [0, T). 

Let K c E be a closed sub-bundle (for the metric h), invariant under parallel translation w.r.t. 
D(t),for every t E [0, T), and convex in the fibers, i.e. Kp = K (lEp is convex for every p E M. 
Suppose that K is preserved by the ODE associated to (4.3), i.e. for every p E M and Uq G K, 
the solution U(t) of 

f = F,{U(t),t), 

U(0) = f/„. 

remains in Kp. Then, if u is contained in LT at time 0, u remains in K, i.e. u(p,t) E LLpfor 
every p e M,t E [0, T). 

Proof. (Sketch) We can follow exactly the detailed proof written in [10, Chapter 10, Sec¬ 
tion 3], provided that we generalize [10, Lemma 10.34] to the analogue one for uni¬ 
formly elliptic operator (see again [25, Lemma 2.2]): if A c E satisfies all the hypothesis 
of Theorem 4.8 and u E T{E) is a smooth section of E, then 

u(p) E Kp \fpE M L(u)p E Cu{p)Kp \fp E M , 

where Cu(p)Kp is the tangent cone of the convex set Kp at u(p). □ 

There is a further generalization of this maximum principle which allows the subset 
K to be time-dependent. 

Theorem 4.9 (Vectorial Maximum Principle, Time-dependent Set). Let u : [0, T) —)■ T(E) 
be a smooth solution of the parabolic equation (4.3), with the notations of the previous Theorem. 


p' 


(4.4) 
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For every t e [0,T), let K{t) C E he a closed sub-bundle (for the metric h), invariant under 
parallel translation w.r.t. D{t), convex in the fibers and such that the space-time track 

7 = e E xR: V e K{t),t E [0,T)} 

is closed in E x [0,T). Suppose that, for every Iq e [0,T), K{to) is preserved by the ODE 
associated, i.e. for any p E M, any solution U(t) of the ODE that starts in K{to)p remains in 
K(t)p, as long as it exists. Then, ifu{0) is contained in K{0), u{p, t) G K(t)pfor ever p E M, 
tE[0,T). 

The proof of this theorem, when K depends continuously on time and E does not 
depend on time is due to Bohm and Wilking (see [3, Th. 1.1]). In the general case 
the proof can be found in [10, Chapter 10, Section 5], with the usual adaptation to the 
uniformly elliptic case. 

As remarked before, the evolution equation (3.2) of the Riemarm tensor has some 
mixed product of type Riem * Ric which makes difficult to understand the behavior of 
the reaction term. On the other hand, if we perform the Uhlenbeck's trick, the evolution 
equation (3.9) becomes a little nicer and can be used to understand how the RB flow 
affects the geometry. 

More precisely, we use the evolution equation (3.10) for the algebraic curvature operator 
CP G r(S'^(A^l/*)) to prove that the cone of normegative curvature operators is preserved 
by the RB flow. 

Proposition 4.10. Eet (M, 5f(t))tg[o,r) be a compact solution oftheRB flow (1.1) with p < 
and such that the initial data has nonnegative curvature operator. Then Blgp) > Q for every 
t G [0,T). 

Proof. We recall the evolution equation (3.10) for CP = o Ck o p 

^CP = Ad 7 - 2pip*(V^tTh{7)) ®h + 27^ + 27* - AptTh{7)7, 

where tr/i(CP(t)) = l/2R(t) is halt of the scalar curvature of the metric g{t). By proposi¬ 
tion 3.4, it suffices to show that the non negativity of CP is preserved by equation (3.10). 
We want to apply the vectorial maximum principle 4.8, therefore we must show that 

L{Q) = AdQ - 2pp*(V^ tihiQ)) ® h 

is a uniformly elliptic operator on the bundle (r(S'^(A^l/*)), h, D{t)). 

As T is a linear second order operator, we compute as usual its principal symbol in 
the arbitrary direction In order to simplify the computations, we choose opportune 
frames at every point p E M and time t E [0, T). Then, let be an orthonormal 

basis of (Vp, hp) such that ^ = hp(ei, •). According to the Uhlenbeck's trick (Section 3.2) 
and the convention on algebraic curvature operators (Section 3.2) we have that {f-i = 
T{t)p{&i)}ii,...,n is an orthonormal basis of TpM with respect to g{t)p, the components of 
p>{t)p with these choices are = 5“ and {e* A is an orthonormal basis of A^l^. 
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Hence, the principal symbol of the operator L written in these frames is 

(^d'^Q)(ij){ki) = ^^^pQ(ij)(ki) - ® 'C ® h)^ab)(cd) 

= Q {ij){kl) ~ 2p f 'y ^ Q (pg)(pg) j ^k^jl ) 


p<q 


where we used that |^| = l,i < j and < / in the last passage. Now it is easy to see that 
the matrix representing the symbol has the following form 

\ 



( 

—2p ... 2p 



A[n — 1] 

1 

to ••• 

Ts 

1 

to 

Ti 

0 

a^{L) = 

0 

1— H 

1 

1 

0 


0 

V 

0 

Idjv(Ar-l)/2 


where we have ordered the components as follows: first the n — 1 ones of the form 
(lj)(li) with J > 1, then the (n — l)(n — 2)/2 ones of the form {ij){ij) with 1 < i < j, 
and last the N{N — l)/2 "non diagonal" ones, with N = n{n — l)/2 and A is the matrix 
defined in (2.1). 

By lemma 2.2 the eigenvalues of the symbol are 1 with multiplicity iV(iV + l)/2 — 1 and 
1 — 2(?7, — l)p with multiplicity 1, since p < 1/2(n — 1) the operator L is uniformly ellip¬ 
tic. 

In the second part of the proof we consider the reaction term F{Q) = 2{Q‘^ -|- Q* — 
2ptTh{Q)Q)- Clearly F is continuous, locally Lipschitz and fiber-preserving. Let 11 C 
r(S'^(A^l/*)) be the set of normegative algebraic curvafure operators, where we have 
identified S‘^{A^V*) ~ EndsA{A^V) via the metric h. We observe that 11 = {Q : Xn{Qp) > 
0},where iV = n(n —l)/2and Xn is the least eigenvalue oiQp. HenceHis clearly closed, 
by [10, Lemma 10.11] it is invariant under parallel translation with respect to every con¬ 
nection D{t) and it is convex, provided that the function Q i-H X^iQp) is concave. We 
can rewrite 

Av(Qp) = ^ ^,inf h{Qp{v),v ); 

SO it is easy to conclude, by the bilinearity of the metric h and the concavity of inf, fhaf 
the function defining H is acfually concave and so its superlevels are convex. In order 
to finish the proof we have to show that the ODE dQ/dt = F{Q) preserves H. Now, by 
standard facts in convex analysis, we only need to prove that 


FpiQf 




for every p ^ M such that Qp G dUp , 
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where dQ,p = {Qp e : 3v e A'^Vp Qp{v,v) = 0} and the tangent cone is 

Tq^Vtp = {Sp E S‘^{A^V*) : S'p(u, f) > 0 for every v E A^Vp such that Qp(w, v) = 0} 

Let V E A^Vp and {9a} be respectively a null eigenvector of Qp and an orthonormal basis 
of A^Vp that diagonalizes Qp. Clearly 


V = 


{Q: 


pjafi 


— Arw 5 , 


a^ajS 


with Aa > 0. Then 


iQlU = . (QtU = 


and 


Fp{Qp)M = > 0 


this completes the proof. 


□ 


4.3. The evolution of the Weyl tensor. 

By means of the evolution equations found for the curvatures, we are also able to write 
the equation satisfied by the Weyl tensor along the RB flow (1.1). In [6] the authors com¬ 
pute the evolution equation of the Weyl tensor during the Ricci flow (see [6, Proposition 
1.1]) and we use most of their computations here. 

Proposition 4.11. During the RBflow of an n-dimensional Riemannian manifold {M,g) the 
Weyl tensor satisfies the following evolution equation 


|w.,« = AW.,« + 2(B(W).,.-B(W).,.-B(W).«.H-B(W)..,,) 

T2pRWjjfc; 9^'^ ifAf pjy^jRjqi -\~ Wl ipj^iRqj -|- -|- Wf ij]^pRqfj 

9 1 

r(Ric^ ® g)ijki + 7-yT(Ric ® Ric)*^^ 


(4.5) 


(n - 2)2 
2R 


(Ric ® g)ijki 


(n-2) 

R^ - |Ricp 
(n — l)(n — 2)2 


{g ® gfjki ■) 


(n-2)2 

where B{W)ijki = g^’^g^'^WipjrWkqis- 

Proof By recalling the decomposition formula for the Weyl tensor (1.3) we have 


d d 

—W = — Riem 
dt dt 

= Xjjj Pj 


2{n - l){n - 2) ^ ^ dt^ 


d 


^(|Ric®, + Ric®^, 


d 


0 ) 


where Ljj is the second order term in the curvatures and L the 0-th one. We deal first 
with the higher order term; plugging in the evolution equations of Riem, Ric and R 
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(Proposition 3.1) we get 


Lii = ARiem - p(V^R ® p) + ^ 

1 

(ARic & g — {n — 2)pV^R ® p — pARp ® p) 


n — 2 


1-2(n-l)p + 2(n-l)p 
= ARiem H-rr- tt^ -rr-^ ARp ® p 


2(n-l)(n-2) 


n — 2 


ARic ® p 


= AW. 


Then we consider the lower order terms 

{^o)ijki = 2{B{Riem)ijki - B(Riem)ijik - B(Riem)iijk + B{Riem)ikji) 

P^*^(HpjfciHqi T HjpfczHgj T HijpzUgfc T HijfcpUf/z) 

1 „ 1 


+2pR W 


2(n-l)(n-2) 


Rp ®p 


-Ric ® p 

n — 2 / ijki 


-(2|Ricpp ® p - 2pR^p ® p - 4RRic ® p + 4pR^p ® g)ijki 


2{n-l){n-2) 

■[2(Riem * Ric) ® p — 2Ric^ ® P — 2Ric ® Ric + 2pRRic ® g]ijki 


n — 2 


= 2{B{Riem)ijki - B{Riem)ijik - B{Riem)iijk + B{Riem)ikji) 
P^*^ (RpjZczRgi T RipZczRqj T RijpzRgfc T RjjZcpRgz) T ijkl 
2 

;[(Riem * Ric) ® p — Ric^ ® P — Ric ® Ricji^fc^ 


n — 2 


2R 


(n — l)(n — 2) 


(Ric ® g)ijki 


|Ricp 


(n — l)(n — 2) 


(p ® g)ijkl ) 


where (Riem * Ric)afe = RapbgRszP^^p'^* and (Ric^)afe = RapRbgP^'^. 

Now we deal separately with every term containing the full curvature Riem, using its 
decomposition formula, expanding the Kulkami-Nomizu products and then contract¬ 
ing again. We have that 

[(p ® p) * Ricjab = 2[Rp - Ricjab, [(Ric ® p) * RicjaZ) = [-2Ric^ -h RRic -h |Ric|^p]aZ) • 

Hence 

2 


(Riem * Ric) ® p = (W * Ric) ® p 


n — 2 


Ric ® p 


+ 


riR 


(n — 1)(?7, — 2) 


(n — l)|RicP — R^ 

Ric ® P + —f --T7- T^g ® P . 

[n — l)(n — 2) 


(4.6) 
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Then 


1 


R 


'idpkQji 9pi9 jk)] 9 ' 




(n — l)(n — 2) 

H ^Rqi(Rpfcf7j7 T ^jl9pk ^pl9jk ^jk9pl^9^^ 

R 


n — 2 
= Rq^Wpjkl9^'^ 
1 


n — 2 




Interchanging the index and using the symmetry properties we get 

9^^ i^pjkl^qi T Ripfc^Rqj T RijpzRqfc T RiqfcpRgi) (4. 

9^^ pjki^qi T ipkl^qj T ijpl^qk T ^^ijfcpRq/) 

2 2 2R 

+ ^ _ 2 ® 9)ijkl + ^ _ 2 ® Ric)iifcZ ~ _ 2 ) ® 9)ijkl ■ 


Finally the "5"-terms: 

R(Riem)abcd = fw - 
'W 


R 


2(77- l)(n-2) 
R 

2(n- 1)(77-2) 


^ ® ^ + ^^Ric ® 9 , 

Tl — 2 J apbq 

9® 9 + ^G^Ric ® 9 ) 9^"9'^' 

n — 2 / csdt 


apbq{9 ® 9')csdt T ® 9^) apbq^ csdt) 9^ 9^ — adbc cbda 

iy^apbq (Ric ® 9)csdt + (Ric ® 9)apbq^csdt)9^^9'’^ = (W * Ric)ab9cd + (w * Ric)cdyab 

(^^cbdpR aq H“ cpda^bq “1“ adbp^cq “1“ '^^apbd^dq)9 

{9 ® 9)apbd{9 ® 9^csdt9^ 9^ 4^(?7< ‘^)9ab9cd H“ 9ac9bd^ 

((Ric ® g)apbq{9 ® 9)csdt + (Ric ® 9)csdt{9 ® 9)apbq)9^'"9^^ 

2((7i 42j^ab9cd “1“ (^ ^')^cd9ab ^^ac9bd “1“ ‘^^bd9a(^ 


(Ric ® g)abpq (Ric ® g)csdt9^ 9^ ^^ab9cd ^^cd9ab ^ac9bd ^hd9ac 

“ 1 “ ^^Rfl^Rcd 2^ac^bd H“ R(Ra.fo 5 ^cd H“ Rcdfi^ab) H“ |Ric| Qab9cd 
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Now, adding the same type quantities for the different index permutations and using 
the symmetry properties of W we obtain 

B{Riem)ijki - i?(Riem)y7fc - i?(Riem)iZjfc + B{Riem)ikji (4.8) 

= - B{W)ajk + 


n 


■ ((W * Ric) ® g) 


ijkl 


+ 


R 


;(Ric ®g)ijki 


(n - 2)2 

|Ric|2 


(Ric^ ® g)^jki + 


2{n - 2) 
R2 


(Ric ® Ric)ijki 

{g ® g)ijki ■ 


(n-l)(n-2)2' V2(n-2)2 2(n-l)(n-2)2 

We are ready to complete the computation of the 0-th order term in the evolution equa 
tion, using the previous formulas (4.6), (4.7), (4.8) 

{.^o)ijki = ‘^{B(W)ijki — B(W)ijik — B(W)iijk + B(W)ikji) + 2pRWijki 

g^^ pjklBqi “1“ ipklBqj R ijplRqk R 


(n - 2)2 
2R 

(n -2)2 


(Ric^ ® g)ijki + 
(Ric ® g)ijki + 


(n-2) 

R2 - iRicp 


{n — l){n — 2) 


(Ric ® Ric)ijki 

{g ® g)ijki 


□ 


4.4. Conditions preserved in dimension three. 

In general dimension, it is very hard to find other curvature conditions preserved by 
the flow, and this is due principally to the complex structure of the reaction terms; for 
example in the evolution equation satisfied by the Ricci tensor (3.3), the reaction terms 
involve the full curvature tensor. Therefore it is easier to restrict our attention to the 
three-dimensional case, in which the Weyl part of the Riemann tensor vanishes and all 
the geometric informations are encoded in the Ricci tensor. 

In the special case of dimension three, we can use also the evolution equation (3.10) 
of the pull-back of the curvature operator to obtain more refined conditions preserved, 
because we can rewrite the ODE associated to the evolution of T as a system of ODEs 
in the eigenvalues of CP that, by Proposition 3.4, are nothing but the sectional curvatures 
of CP. This point of view has been introduced for the Ricci flow by Elamilton in [21] and 
can be easily generalized to the RB flow as follows. 

Lemma 4.12. Ifn = 3, then 7p has 3 eigenvalues A, p, u and the ODE fiberzvise associated to 
equation (3.10) can be written as the following system 


^ = 2A^ + 2/ii/ — 4pA(A + p + z/), 
= 2p? + 2Az^ — 4pp(A + /i + z^), 
= 2z/^ + 2A/i — 4pz/(A + y + v). 


(4.9) 


In particular, if we assume A(0) > p{0) > z/(0), then X{t) > p{f) > v{t) as long as the solution 
of the system exists. 
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Proof. We can pointwise identify Vp with an orthonormal frame of with the standard 
basis. Then A'^Vp ~ so(3) with the standard structure constants and if an algebraic 
operator Qp is diagonal, both and Q* are diagonal with respect to the same basis 
(for the detailed computation of this fact, see [11, Chapter 6.4]). Hence the ODE = 
Fp{Qp), associated fiberwise to equation (3.10), preserves the eigenvalues of Qp, that is, if 
(5p(0) is diagonal with respect to an orthonormal basis, Qp{t) stays diagonal with respect 
to the same basis and the ODE can be rewritten as the system (4.9) in the eigenvalues. 
To prove the last statement, we observe that 

— (A — /i) = 2(A — /x)((l — 2p)(A + /i) — (1 + 2p)z/) 

= 2(/i-z/)((l-2p)(/x + i/)-(l + 2p)A). 

□ 

Remark 4.13. We already proved that the differential operator in the evolution equation 
of T is uniformly elliptic if p < l/2(n — 1), that is p < 1/4 in dimension three. Therefore 
any geometric condition expressed in terms of the eigenvalues is preserved along the 
RB flow if the cone identified by the condition is closed, convex and preserved by the 
system (4.9). 

By using this method, we can prove 

Proposition 4.14. Let (M, p(t))tg[o,T) be a compact, three-dimensional, solution of the RB 
flow (1.1). If p < 1/4:, then 

(i) nonnegative Ricci curvature is preserved along the flow; 

(ii) nonnegative sectional curvature is preserved along the flow; 

(iii) the pinching inequality Ric > sRg is preserved along the flow for any e < 1/3. 

Proof (i) If Ric(p(0)) > 0, then Ricg(t) > 0. 

The eigenvalues of Ric are the pairwise sums of the sectional curvatures, hence the 
condition is identified by the cone 

Ap = {Qp ■ (p + u){Qp) > 0} . 

The closedness is obvious; in order to see that Kp is convex, we observe that the greatest 
eigenvalue can be characterized by X{Qp) = max{Qp(u,u) : v E Vp \v\h = 1}, hence it 
is convex. Then the function Qp i-A p{Qp) + u{Qp) = tr(Qp) — X{Qp) is concave and this 
implies that its superlevels are convex. By system (4.9) we obtain 

^(p + i^) = 2p^ + 2i/^ + 2A(p + u) - 4p(p + u) tr{Qp). 

There is the stationary solution corresponding to p(0) = 0 = z^(0). Otherwise, whenever 
p(to) + = 0 with p(to) f 0 and ufo) 0, A{p + u){to) = 2(p^ + z/^)(fo) > 0, then K 

is preserved. 

(ii) If Sec(p(0)) > 0, then Sec^p) > 0. 
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This condition is the non negativity of T, already proved in general dimension in Propo¬ 
sition 4.10, identified by the cone Kp = {Qp : iy{Qp) > 0}, which is convex as superlevel 
of a concave function. We suppose that i/(to) = 0, then 

= 2A(to)/i(to) > 0 

because the order between the eigenvalues is preserved and therefore A(fo) > p(to) > 0 . 
(iii) For every 5 G (0,1/3], if Ric( 5 (( 0 )) - £R( 5 (( 0 )) 5 (( 0 ) > 0, then RiCg(t) - eRg(^t)9{t) > 0. 
Translating in terms of eigenvalues of T, the condition means fi{Qp) + iy{Qp)—2e tT{Qp) > 
0 , that is X{Qp) < -I- then the right cone is 

Kp = {Qp : X{Qp) - Cie){fi{Qp) + iy{Qp)) < 0} , 

where C{e) = G [1/2, -|-cxo). The defining function is the sum of two convex func¬ 
tion, hence its sublevels are convex. Now, for C = 1/2, that corresponds to e = 1/3, we 
have A(0) = /i(0) = i^(0) at each point of M, that is the initial metric ( 7 ( 0 ) has constant 
sectional curvature and this condition is preserved along the flow. 

For C > 1 / 2 , we suppose A(to) = C{fi{to) - 1 - i/(fo))/ then 

— (A — + i'))(to) = 2 [A^ -|- fiu — -\- A(/i -|- u)) — 2ptr((5p)(A — + z/))] (to) 

= 2 [C^(/i(to) + ^(^ 0 ))^ + f(^o)^(^o) “ + z^(to)^) ~ 

< (1 — 2C')(/i(to)^ + ^(^ 0 )^) ^ 0 . 

□ 

4.5. Hamilton-Ivey estimate. 

A remarkable property of the three-dimensional Ricci flow is the pinching estimate, 
independently proved by Hamilton in [20] and Ivey in [22], which says that positive 
sectional curvature dominates negative sectional curvature during the Ricci flow, that 
is, if the initial metric go has a negative sectional curvature somewhere, the Ricci flow 
starting at go evolves the scalar curvature towards the positive semiaxis in future times, 
that means that there will be a greater (in absolute value) positive sectional curvature. 
We have generalized the pinching estimate and some consequences for positive values 
of the parameter p. In the same notation used before, let A > /i > 1 / be the ordered 
eigenvalues of the curvature operator. 

Theorem 4.15 (Hamilton-Ivey Estimate). Let (M, g{t)) he a solution of the RB on a compact 
three-manifold such that the initial metric satisfies the normalizing assumption minp^M ^p(O) > 
—1. if p G [0,1/6), then at any point (p, t) where Vp{t) < 0 the scalar curvature satisfies 

R > \u\[ log(|i/|) -h log(l -h 2(1 - 6p)t) - 3 ) (4.10) 

Proof We want to apply the Maximum Frinciple for time-dependent sets theorem 4.9, 
hence we need to express condition (4.10) in terms of a family of closed, convex, invari¬ 
ant subsets of S‘^{hX‘V*), where (V, h{t), D{t)) is the usual bundle isomorphism of the 
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tangent bundle defined via Uhlenbeck's trick (Section 3.2). Moreover, by [10, Lemma 10.11], 
we already know that, for any t G [0, T), the set 

Qp : tr(gp) > - and if u{Qp) < ^ 


(f\ ^ — l+2(l-6p)t- — l+2(l-6p)t 

^ \ then tr(gp) > |z/(gp)|(log(|z/(gp)|)+log(l+ 2(1-6p)f)-3) 

defines a closed invariant subset of S'^{A‘^V*). Since, for p G [0,1/6), K{t) depends 
continuously on time, the space-time track of K{t) is closed in S'^(A^1/*). 

Now we show that Kp{t) is convex for every p E M and t G [0,T). Following [11, 
Lemma 9.5], we consider the map 

$: s2(aV;) $(gp) = (iKQp)l,tr(gp)) 

Clearly, we have that Qp G Kp{t) if and only if ^{Qp) G A{t), where 


A{t) = 


{x,y) e 


o2 . 


y> 


y > -3a;; 


if T + -1- 

a. ^ l+2(l-6p)t 


l+2(l-6p)i ’ 

then y > a;( loga: + log(l + 2(1 


6p)f) - 3) 


is a convex subset of Then in order to show that Kp{t) is convex is sufficient to show 
that the segment between any two algebraic operators in Kp{t) is sent by the map ^ into 
A{t). 

Therefore let Qp,Qp G Kp{t), s G [0,1] and Qp{s) = sQp + (1 — s)Qp. About the first 
defining condition for A(t), the trace is a linear functional, hence it is obviously fulfilled 
by Qp{s), while the second condition is satisfied by any algebraic operator. 

7 , then the condition is 


The third condition is a bit tricky. If i 2 {Qp), z^(g/) > — 
empty for every point of the segment because i/ is a concave function. By continuity we 
can assume w.l.o.g. that i^iQpis)) < for every s G [0,1], hence x{Qp{s)) = 

—v{Qp{s)) is a convex function and x{Qp{s)) < sx{Qp) + (1 — s)x{Qp). On the other hand 
the second condition implies that a;(gp(s)) > -y{Qp{s))/3 = -l{sy{Qp) + (1 - s)y{Q'p)). 
Then $(gp(s)) belongs to the trapezium of vertices 


■S>(Q: 


PA 


y{Qp),y{Qp)), { - i;y{Qp),y{Qr 


which is contained in A{t), as its vertices are and A{t) is convex. 

Now we prove that K(t) is preserved by the system (4.9). By taking the sum of the three 
equations in the system (see also Remark 4.13) we get 

^ tr(gp) > ^(1 - 3p) tiiQpf . 

By hypothesis, i^(gp)(0) > —1, hence tr(gp)(0) > —3 for every p G M and by integrating 
the previous inequality, 

tr(gp)(f) > ^ “l + 2(l-6p)f ’ 

which holds for any p G [0,1/6). 

In order to prove that the second inequality is preserved too, we consider, for every 
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p E M such that i^{Qp){0) < 0, the function 

= -u^q\ ~ log(-i^(Qp)) - log(l + 2(1 - Qp)t) 
and we compute its derivative along the flow. 

/ = — [(—2z/) + /i^ + + A/i + Xu + fiu — 2p(A + /i + u)"^^ 


(4.11) 


dt 


+ 2(A + yU + z/) + A/i — 2pu[X + /i + z/)) j 


-(z/^ + A/i — 2pzi(A + /i + zi)) — 


2(1 - 6p) 

1 + 2(1 -6p)f 


= —[■ 
z/2 L 


zi(A + /i + A/i) + A/i(A + /i) — z/^ + 2pzi (A + /i + zi 


2(1 - 6p) 


1 + 2(1 - 6p)t 

As in the case of the Ricci flow, it is easy to see that the quantity —zi(A^ + + A/i) + 

Ap(A + p) is always nonnegative if zi < 0. In fact, if /i > 0 it is obvious, whereas if p < 0 
one has 

—zi(A^ + + Ap) + Ap(A + p) = (p — z/)(A^ + p^ + Ap) — p^ + 0 . 

Hence we get 


d 

dt 


f (t) + — 2u + 4p(A + p + zi) — 


If p > 0, since X + p + u > 3u, we obtain 

d 


dt 


/>-2(l-6p)(zi + 
and p < 1/6. 


l + 2(l-6p)t 


2(1 - 6p) 

1 + 2(1 - Qp)t 


)>0 


(4.12) 


whenever z/ < 

Hence, if (A,p, z/) is a solution of system (4.9) in [0,T) with (A(0), p(0), z/(0)) G Kp{0), 
we suppose that there is ti > 0 such that u{ti) < — ;^^ 2 (i- 6 p)ti • Th^^i/ either u{t) < 

— i+ 2 (i- 6 p)t ^ ^ either there exists to < such that u{to) = - - - 

and u{t) < ^ 


l+2(l-6p)to 

for any t e (to,^i]- In the first case, by hypothesis we obtain 


l+2(l-6p)t 

/(O) > —3 and ^/(t) > 0 for any t E [0,ti], therefore /(ti) > —3; in the second case 
/(^o) = ^ “3 and ^/(t) > 0 for any t E [to,^i]/ therefore again /(ti) > -3, 


□ 


which is equivalent to the second inequality 

Remark 4.16. The extra term 4p(A + p + z/) on the key-equation (4.12) requires strong 
assumptions on the parameter p since we have no information on the sign of the trace. 
However, combining equation (4.12) with Proposition 4.4, we can enlarge the range of 
p to [0,1/4), simply by dropping the extra term, noimegative for ancient solutions and 
therefore conclude that an ancient solution to the RB flow on a compact three-manifold 
with bounded scalar curvature has noimegative sectional curvature for any value of 
p E [0,1/4) (see [11, Corollary 9.8]). 
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Proposition 4.17. Let {M, g(t)) t£{-Qo,o] be a compact, three-dimensional, ancient solution of 
the RB flow (1.1) with uniformly bounded scalar curvature. If p G [0,1/4) then the sectional 
curvature is nonnegative. 


5. Curvature estimates 

5.1. Technical lemmas. Before proving the curvature estimates for the RB flow, we 
need some technical results. 

First of all, we prove the proposition: 

Proposition 5 . 1 . Let k G N, p G [l,+oo] and q G [1,+cxo). There exists a constant C{n,k,p,q) 
such that for all 0<J<k and all tensor T 

llv^Tii,^ <qiT|i;-^l|v^T|||, 

1 1 —^ ^ 

where — = —- + -. 

Tj p q 

To prove this proposition, we need several lemmas. 

Lemma 5 . 2 . Let p G [1, +cxo], g G [1, +oo) and r G [2, +cxo) such that “ = “ + “■ There exists 
a constant C{n, r) such that for all tensor T 

||VT||?<C||T||p||V=T||,. 

Proof. 

Iivrii; = f {vT,\vTr'‘vT) d^i, 

J M 

= - / (r,v(|vrr=vr)) df,, 

J M 

= - f (T, (r - 2)V^T\VTf-^VT) dpg - [ (T, iVTr-^V^T) dpg 

J M J M 

< c [ \T\\\/^T\\VTf-^dpg 

J M 

< C||T||,||V^T||,||VT||;-^ 

using Holder's inequality with ^ + ^ + ^ = 1. This ends the proof of this lemma. □ 

Lemma 5.3 (Hamilton [18], Corollary 12.5). Let k E N. If f : {0,..., fc} ^ M satisfies for 
all 0 < j < k 

f{j) < Cf{j - + 1)^ , 

where C is a positive constant, then for all 0<J<k 

fU) < c^'(^-^V(0)'-"/(fc)^. 
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Proof of Proposition 5.1. We apply Lemma 5.3 with f{j) = || V-^T||r^. Since f 
Lemma 5.2 shows that there exists C(n, k, p, q) such that 


/(j) < Cf{j - l)2/(j + 1)2 , 

and then Lemma 5.3 gives Proposition 5.1, since tq = p ar^ = q. 


□ 


Lemma 5.4. For all tensors of the form S *T, there exists C depending on the dimension and 
the coefficients in the expression such that 

|^*T| < C'|^||T|. 

Proof. By Cauchy-Schwarz inequality, (tr^T)^ = = n\Tf. Then 


\S*T\< C{n)\S®T®g^^®{g-Y^ < C{n)n^\S\\T\ 


.i+k 


□ 


Let fc e M, and set, for a tensor T,Fg{T)= ^ *V^T. 

Lemma 5.5. Let fc G N. Let p G [2, +cx)] and q G [2, +oo) such that 1 + | = 1. There exists 
C{n, k, p, q, F) such that for all tensor T, 


' M 


\Fg{T)\dpg<C\\TUV>^T\f. 


Proof. Let us consider one term in Fg{T) that can be written V^T * V^T * V^T, j, I > 0. 
We set 


1 1 - i ^ 

±_ ^ _ _ k A 

Tj p g ’ 


1 1 


ri 


_fc _j_ A 

p q 


Since — + — + 1 = 1, by Lemma 5.4 and Holder's inequality we have 

T j T j Q ± J 


|V^T* <C' \V^T\\VT\\V'^T\dpg 


< M 


' M 


< C"||V^T||,JV'T||,J|V'^T||,, 


Then, by applying Proposition 5.1 to the first two factors, we get 


krr\\2 


I V^T * V‘T * W^T\ dpg < C'||T||p|| V'^TII 


■J M 


The result follows since Fg{T) is a linear combination of such terms. 


□ 
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5.2. Curvature estimates. 


Theorem 5.6. Assume p < 2 [n-i) • V 9i^) ^ compact solution of the RB flow for t G [0,T) 

such that 

sup |Riem(a;, t)| < K , 

X [0,T) 

then for all k eN there exists a constant C{n, p, fc, K, T) such that for all t G (0, T] 

C 

||V^Riemg(i)||2 < — sup ||Riemg(4) ||^ 


tG[0,T) 


Proof A direct computation gives 


d 


— |Riemf = A(|Riemf) — 2| VRiemp — SpRjjV^V-’R + Riem * Riem * Riem 


dt 


d 


dt 

It follows that 


R2 = (l-2(n-l)p)A(R2)-2(l-2(n-l)p)|VRp + 4R|Ricp-4pR3 


A 

dt 


’M 


\Riemf dpg = —2 | VRiemp — 8p / RjjV^V-^Rdpg 


IM 


' M 


Riem * Riem * Riem dpg 


< M 


— [ dpg = —2(1 — 2(n — l)p) [ iVRf dpg + f Riem * Riem * Riem dpg 
dt J M J M Jm 

Now we want to compute Rjg V*V^R dpg. Using Bianchi identity we have: 

1 


RijV^V^Rdpg = 


|VR| dpg . 


>M 


’ M 


We conclude that 

— [ |Riem|^dpg = —2 f | VRiem|^ dpg + 4p f \\/Rf dpg 
dt Jm Jm Jm 

+ / Riem * Riem * Riem dpg 


' M 


— j Pf dpg = —2(1 — 2(?7, — l)p) f iWRf dpg + j Riem * Riem * Riem dpg . 


'M 


' M 


'M 
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As we did before, a straightforward computation gives: 


d 

dt 


iV^Riempdp^ = -2/ |V'^+^Riemp + 4p / |V^+^Rpd/ig 


'M 


d 

dt 


JM 

E 

j+l=k,j,l>0 ' 


' M 


V-’Riem * V^Riem * V^Riem dfig 


M 


V'^R|"d/ig = -2(1-2(n-l)p) / 


' M 


IM 


■ E 

j+l=k,j,l>0 ■ 


V-^Riem * V^Riem * V^Riemd/ig 


M 


Consider 


Afc := / I V^^Riemp dpg + 
J M 


4|p| 


(l-2(n-l)p) 


V'^Rrdpg 


'AL 


and set /^(t) ;= ^ —j—Aj, where {3 := min(l, 1 — 2(n — l)p). We have 


1=0 


k-l 


f'kit) - ^ (^j + 

1=0 


A:! 


(5.1) 


We have by a direct computation, for any j: 


J\!j + /3Aj-(_i — (—2 + /3) II V'^~*~^Rieni||2 + ^4p — 8|p| + 


4/9|p| 


l-2(n-l)p 


IIV-’+'RII 


E 

2+/=_7, i,/>0 ' 


V*Riem * V^Riem * V-^Riemdp 


M 


9 ■ 


We need to estimate V*Riem * V^Riem * V-^Riemdpg. For this we use 

Lemma 5.5 with p = +cxo and q = 2: 


E 

2,/>0 ' 


V*Riem * V^Riem * V-^Riemdpg < C||Riem||oo|| V-^RiemU^ . 


M 


Using Proposition 5.1, with k = j + 1 we get 


^ j V*Riem*V*Riem*V-^Riemdpg < C||Riem||oo(||Riem||2)-’+i (|| V-^’''^Riem||( 


1 j+i 


i-\-l=k, i,l>0 


JM 


Now we apply Young's inequality ab < ^ + ^, where 


a = C||Riem||oo(||Riem|| 2 )-’+i , b = (||V-’’''^Riem|| 2 )Hi 
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and p = j + 1, q = we use the hypothesis on the boundedness of ||Riem||oo and we 
obtain 

„s,' 


'M 


V*Riem * V^Riem * V-^Riemd/ig < C'{n, p, j, K)\\Riem\\l + || V-’’''^Riem|| 


Putting this last inequality in the previous computation, we obtain 

mp\ 


< (-1 + /3)|lV^+iRiem||2 + [ap - 8|p| + 

+C\n,p,j,K)\\mem\\l 

< C\n,p,jJ<)\\RieTa\\l, 


l-2{n-l)p 


||V^'+^R|| 


where we use the facts that —1+/3 <0 and 4p—8|p| + < 0- The same estimates 

holds for the last term in equation (5.1), since 


dlfc < A'j. + l3Ak+i < C"(n, p, A;, R')||Riem| 


Therefore 


fk{t) < ^^C"(n,p, j,R:)||Riem| 
i=o 


< C'(n,p,/c,/T)||Riem|| 2 (e^ — 1) 

< C(n, p, fc, RT, T)|lRiem ||2 . 

Since /^(O) = dlo < C(p, n)||Riem|||, by integrating the previous inequality we finally 
get 


IV'^Riemll^ < Ak < -^fkif) < ^ /^(O) + Cf||Riem||^ 


< 


A;! C 

d[Cip,n) + Ct] 


c. 




||Riem||^ < —||Riem||^, 


which concludes the proof of the theorem. 


□ 


5.3. Long time existence. 

In this section we will prove the following result. 

Theorem 5.7. Assume p < 2 (n-i) ■ V ^(A) is a compact solution of the RB flow on a maximal 
time interval [0, T), T < +oo, then 

limsupmax |Riem( • ,A)| = +oo . 


t^T 


M 


Proof This proof follows exactly the one given by Hamilton for the Ricci flow (see [18, 
Section 14]. First of all we observe that, if the Riemaim tensor is uniformly bounded 
as A —T and T < +oo, then also its L^-norm is uniformly bounded, because from the 
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previous computations, for Aq = ||Riem ||2 + have A'q < CAq. 

Then, by Theorem 5.6, we get, for any j e M 

||V^Riem||2 < Q. 

Now, by using the interpolation inequalities in Proposition 5.1 with p = oo, q = 2, we 
immediately get the estimates 

II V-^Rieni|| 2 fe < Cj^k, 

for all j G N and k>J. Therefore, by interpolation the same result holds for a generic 
exponent r, with the constant that depends on j and r. 

Now, let Ej ;= | V-^Riemp. Then, for all r < +oo we have 


' M 


(iBjr+iv£),r)dM, < cp. 


Thus, by Sobolev inequality, if r > j, one has 


max|£),r < Ct / (|£),r + |VB,r) dfi, . 

“ 'M 


Notice that the constant Ct depends on the metric g{t), but it does not depend on the 
derivatives of g{t). Moreover, from [18, Lemma 14.2], it follows that the metrics are 
all equivalent. Hence, the constant Ct is uniformly bounded as t ^ T and, from the 
previous estimates, it follows that, if |Riem| < C on M x [0, T)], for every j G H one has 

max|V-^Riem| < Cj , 

where the constant Cj depends only on the initial value of the metric and the constant 

C. 

Arguing now as in [18, Section 14], it follows that the metrics g{t) converge to some 
limit metric g{T) in the C°° topology (with all their time/space ordinary partial deriva¬ 
tives, once written in local coordinates), hence, we can restart the flow with this initial 
metric g{T), obtaining a smooth flow in some larger time interval [0, T -|- 5), in contra¬ 
diction with the fact that T was the maximal time of smooth existence. This completes 
the proof of Theorem 5.7. □ 
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